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ABSTRACT
26819

The measurement of the average frequency of a sinusoidal volt-
age source may be implemented by counting the average number of zero
crossings which have accrued in a given counting period. If the source
is present in a noiseless background, then the uncertainty in the meas-
ure of the average frequency is limited by the uncertainty of measuring
the number of zero crossings and the observation time. If, in additionm,
the sinusoidal voltage is associated with random noise, then the uncer-
tainty in the measure of the source frequency depends upon the noise
characteristics. This report considers two models which show the effect
of noise on the averasge number of zero crossings per second. One model
utilizes as a signal source a quasi-harmonic sinusoidal voltage which
is characteristic of a propagated signal subject to fading. The other
model assumes a fixed sinusoidal voltage which may be the output of a
signal generator. In both of these models, the signal source voltage
is added to a random voltage which is Gaussian distributed, and the
number of zero crossings is aversged over an infinite period of time.
These results, then, establish an upper limit on the error in measuring

frequency by a zero count technique.



i:i

TABLE OF CONTENTS

I. THE QUASI-HARMONIC SINUSOIDAL SOURCE
II. THE FIXED SINUSOIDAL SOURCE
For the no-signal case (Q = 0)
For the no-noise case (Rg = O) _
For the case where fo is set equal to Np/2 for any p
IIT. CONCLUSION

APPENDIX: Average Number of Zero Crossings of Signal Plus Noise
Shaped by a Bandpass Filter

REFERENCES
TLLUSTRATIONS

TABELE 12 AVERAGE FREQUENCY MEASURED VS. S.N.R.

vo® 3 B

13

14
18
19




THE AVERAGE NUMBER OF ZERO CROSSINGS PER SECOND
OF A SINUSOIDAL SIGNAL PLUS NOISE

I. THE QUASI-HARMONIC SINUSOIDAL SOURCE

The average number of zero crossings per second for a narrow
band sine wave process in random noise has been studied by many inves-
tiga.tors.l’a’5 In this model, a sine wave of fixed frequency a,(=2nf,)
and random amplitude and phase is considered. The bandwidth of the
signal process is assumed to be narrow compared to the frequency a,. A
randam noise process with a normal amplitude distfibution is added to
the random signal process resulting in perturbations in the average
number of zero crossings compared to 2f,. The noise is represented by
its autocorrelation functiont

®
R(t) = J\ G(w) cos ar dw , (1)
° .
where G(w) is the power spectrum of the noise. The quasi-harmonic sine
wave process and random noise process are assumed mutually independent,

and the composite process given by:
y(t) = Q sin (wgttgy) + n(t) , (2)

where Q and ﬁk are the random amplitude and phase functions associated

with the random signal process.



In one d;evelopnent:2 an incremental length da is considered for

a representative sine wave in the ensemble.

y(t)

A

The time to cross the interval da is related to the slope of the wave-

form:
da

T=—“§r.

The probability over the ensemble that y(t) is in the interval (&, ctdo)

P i
Ll
N

while its derivative y(t) is between (B, p+dg) is:

f(a, p)acdp . (4)

This may also be interpreted as the amount of the time per unit time
that y(t) spends in the interval (@, c#de) with velocity (B, B+dB) ~ B

as 1llustrated below:



y(%)

do ;
l B B1 B1 b1
| I /N
‘ \ /  ammdi ¥
f /, T1 \/ T\/Tl Tl\
! — 1 sec. :

The number of crossings per wnit time through a level ¢ with velocity

B8 is

£, B)AD _ \gi(a, ) a8 . (5)

The average number of zero crossings for all B
W
r
Ng4n = J Isl£(o, B) aB . (6)

o}

If y(t) and y(t) are statistically independent:

e %
2
1 “’0"%“”)0
l\ls-i»n=ﬂ _Q2+R (7
"’“"'2' o]

where

©
D, = Jr o°G(ew) dv , (8)
o



©
Ry = ‘{ G(w) dw
o

(9)

Consider the application of these results to the case where

the noise is derived from the cutput of an ideal rectangular filter

with a response which includes the sine wave frequency ay,-

s(t)

G, (@)
n(t) — Y( jw)

s(t) = Q sin (wot+dy)

G(w)

<+>—.~ y(t)

The power spectrum G(w) is obtained for the rectangular filter:

1¥(jw) |

4

1 A

k




Gp(w) = K/2x volts®/cps.

G(w) = K/2x |T(Jo) |2

K/2n , <wo<
G(w)z[: ==

0

s elsewhere

ap
Ry = J\ K/2x dw = K(fp-fy)

@y

ax

D, = J K/2x o do = k(2n)2 <_f§_;_§_> :

Wy
= (D b
N j o G(w) do
T (:Do :f _1}o
n 7 Ro B ¢ JQO
Glw) dw
b o o)
. _ﬁ‘
f © G(f) af
ﬁn =2 ° o P)
[ a(s) ar
- i
%
_ f% - ig =

(10)

(11)

(12)

(13)

(1)

(15)

(16)

(17)



Foun = 3 [P+ ()" ]% (15)
SAC P+ 1 ’
where p is the signal-to-noise power ratio*
p = Q2 = Qa - . (19)
2Ro 2K(f‘b'fa)
S, o [P(2E)% + (0)° f" (20)
stn T 1+0p

As the quantity p increases, the average number of zero crossings
approaches 2fg. For p = 0, the average number of zero crossings is ﬁ;,
the expected number for noise alone. Both of these results are what
would be expected. Expression (20) may be used to determine the frac-

tional deviation in 2f, when fy lies between fp and fp2

Nean re+qr® jé
2f0 Lp-l-l.j

P (21)

wheres

Nn
2f,

The above results may also be applied to noise shaped by an
RLC bandpass filter (see appendix) centered on w, by defining r = we/wp-

Figure 1 is a plot of (21) for r < 1 and Figure 2 for r > 1.



II. THE FIXED SINUSOIDAL SOURCE

The average number of zero crossings per second for a sinusoidal
source of fixed amplitude, frequency and phase plus normal noise has been
studied by S.0. Rice.” For the camposite process y(t) = Q sin wyt + n(t),

the resulting expression is:

— — - 2
T =T e O T(0) + - T (-, @) | (22)
where
- 1 /D 3
§p = \T?T) [see (15)]
a2+ 1R a2 -2
@=" » BE—y
2 2 [ 2af
- — 0O
a = Ro ? b [ Nn ]

p = Eﬁa = signal-to-noise power ratio, and
o]
2f,

6 = = signal frequency offset relative

Nn  to the no-signal case,

then the parameters of (22) may be written as:

«mp (45



THESN

b2 282

=

2a 1+ 62

In addition to the above quantities

I,(B) = Bessel function of order zero
and imeginary srgument,

x
Ie(k, x) .= - J\ e'“Io(lm) du
o

As an example of the above, consider the following cases:

For the no-signal case (Q = 0)¢

p=0 y =B = (014

-ﬁs-l'n =-ﬁn

.

For the no-noise case (R, = 0) ¢

p=o 3 a=f=0 32

p~o k2P



Te(k, o) = (1- 2)%=[1' i*:i)]

(- G5

Tein = Np(O+s) = 2fg
P =o

then

and

For the case where f, is set equal to Np/2 for any p:

I(0, x) =1 -eX=1-¢Q=1 - ¢-f
then,

N

=N “Pti-c- =N =
sin Nn(e +1-¢7P) Nn 2f,

o]

The above results satisfy what would be intuitively expected in
the extreme cases. For a rectangular filter with lower limit f and

upper limit fy, shaping the noise:

§ - £2 18

T = - —" - 2
Ny =2 S [see (1M1 . (23)

For an RIC bandpass filter centered on f,2

N, = 2f, [See (M17)] . (24)
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Using an IBM 1620 computer, the average number of zero cross-
ings per second for a rectangular noise filter was computed. A copy
of the computer program is shown in Figure 25. The parameters chosen

weres:

TN
ﬁ; = 10408.333 crossings per second

1<p<10

The center frequency of the sinusoid f, is varied between 5
and 15KC in 1KC steps. The average number of zero crossings per second
with p and fo as parameters is tabulated in Table 1 and the data plotted
in Figures 5 through 13. From this data, curves of constant error in
cps were plotted with p and f, as parameters. Curves corresponding to
errors in frequency of 5, 10, 20, 50, and 100 cps are plotted in Figures
1k through 18. These cyclic errors correspond to percent errors in
measuring frequency of 0.05%, 0.10%, 0.20%, 0.50%, and 1.00% respectively.

It is seen from these curves that for a given error, the requi-
site signal-to-noise ratioc decreases sharply as the sinusoidal frequency
fo decreases from fz. As the frequency ﬁh/a = fo is approached from the
left, the signal-to-noise ratio approaches zero. For frequencies greater
than fy = N,/2, the requisite signal-to-noise ratio increases again. The
required signal-to-noise ratio is maximum at fg and represents a worst

case design point. Since the signal-to-noise ratio falls so sharply



with frequency, then a departure from the worst case design may be made
with a resulting compromise in the error in a small fraction of the
data points. As an example, from Figure 15, it is seen that if p = 10,
" then all the data points between 6-15KC are within 0.1%. A reduction
of p to 7.9 (9db) or a decrement of 1db results in a 10% loss of data
points that are within 0.1%.

The effect of a change in bandwidth is shown in Figures 19
through 23. In Figures 19 and 20, the lower frequency fg is reduced to
3KC and in Figures 21 through 23 to d.c.

The increase in error due to a change in bandwidth is minimal
at high signal-to-noise ratio. For example, for p = 6, fg = S5KC and
f, = 15KC an error of -6 cps results in the measured frequency based on
the average number of zero crossings. If fp is reduced to 3KC, the
error in frequency is essentially unchanged. However, when fg is re-
duced to zero frequency the error is -7 cps which represents a minor
increase. Consequently, the effect of "roll-off" characteristics of
the noise shaping filter on the error in measuring any one particular
frequency is negligible.

The effect of heterodyning on the error in frequency may be
determined from Figure 23. In this case, the 10KC bandwidth centered
on a frequency of 10KC is translated to a center frequency of Lokc, In
the curve, the cyclic error versus input frequency is plotted for a
signal-to-noise ratio of 6 and 8. As an example, at the 10KC center
frequency with f, = 6.9KC and p = 8, the error in measuring the fre-

quency is 10 cps. Heterodyning this data bandwidth to 4OKC with



fo = 36.9KC and p = 8 results in an error of 0.7 cps in the measured
frequency. This decrease in frequency error is due to the narrow band
effect of heterodyning. Since the noise bandwidth upon frequency trans-
lation represents a smaller frection of the center frequency, the effect

of noise perturbing this ffequency is reduced.
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III. CONCLUSION

Two models of a signal source have been considered for the
effect of noise on the measurement of the frequency of the source. One
model assumes a quasi-harmonic source representing a propagated signal,
the other a fixed source representing a signal generator.

In either model, when the frequency of the source is measured
by counting the average number of zero crossings per second, the signal-
to-noise ratio over the entire data spectrum for a fixed error is not
constant. The worst case (largest signal-to-noise ratio) occurs at the
lower band edge, decreases to zero at the approximate arithmetic mean
of the data band and then increases to a threshold value at the upper
band edge.

When the data band is heterodyned up in frequency, the narrow-
band effect of the noise on the frequency of the signal results in a
reduced error in measuring frequency. The measured frequency, however,
assumes an infinite averaging time. Sampling over finite time intervals
will result in a spread of the measured frequency about the average
value. If the process of heterodyning does not result in an increased
spread in measured frequency, then it would appear that frequency trans-

lation will reduce measurement errors.
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APPENDIX: Average Number of Zero Crossings of Signal Plus Noise
Shaped by a Bandpass Filter

The. average number of zero crossings is given by expression (7):

N Nk

Ns-f'n = p @ s
—é_+ Rg
wheres

QO

D°=Jm"-‘c(m) o ,
o
fo0)

R, = J‘ G(w) dw .
o

Consider the voltage transfer function of an RIC bandpass filter

which shapes the noise power spectrum.

1
V2(S) sC
SAOHS = Y(s) (A-1)
vl s R + sI, + .__J'._ ’ .
sC
1
¥(s) = RLC - (A-2)
2
s + 1 s + 1o
2
Ygo) = s A )

o® + 28jo + of
(A-3)
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4
Y(30) | = e , (A-b
| | (a-0ff)2 + UpeR )
) = [Y(30) |* cp(w) 3
2 (A-5)
Gp(w) = K volts®/rps
[0 0]
Dy = j‘ o Glo) a , (A-6)
(o]
a
- of dw -
D, mﬁ[(@ﬂﬂt+%§ P (A-7)
(o]
See Reference 4, Table 19, No. 7.
QO
x® & = _X . (A-8)
(r?4g®)2 + 2(p?-q®) @ + x* kp
(o]

2 2.2 2

(wg-w ) + bpw =<n_4+(h{3-2wi) a)a-i-w:
2 2 4
(p+q7) = @,

2(p%-q%) = Up -

2 2 2
p +q° =a

- =82 -

%

p:——-

2



it

@ =af - % =cf -pfh , (A-9)
wKend -10)
D, = =l (A-10)
a0
Ry = j. Glo) do , (A-11)
(o]
Qo
%ﬂ%j(@@?ww , (A-12)
O

See Reference L, Table 19, No. 6.

o0
dx = 1 b1 A-1

) T+ 2(P-P) L+ ¢ bp AL (A-23)
[0}

v° = B/4 ;
P+ q® =af

KR
R = A-14
0 —2;'5_ 3 ( )
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and fram the previous results:

D
CH
Ro ¢
2, 2 &
N, =_1 ((P% * & -
Yo ==\ p+l> g (a-16)
%
- p+r2 .
N°_2f°<_p-r—1— b
(A-17)
r = e
Wo

The above results indicate that the average number of crossings
of the axis of signal plus noise is independent of the shape character-
istics of the spectrum of the noise, but does depend upon the relative

displacement of the center of the noise spectrum and signal.
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TARLE 1

AVERAGE FREQUENCY MEASURED VS. S.N.R.

T(cps)
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6368.6252
5747.8672
5430.7860
5260.0673
5163.3365
5105.9838
5070.5673
5047.9578
5033.1329
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T(cps)

95555548
320.1568
9087.6552
9035.0678
901i4.0kgR2
9005 . 6964
9002. 5056
9000. 9364
9000. 3184
9000.1491
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10057.9980
10021.5940
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10000.0120

10788.3290
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10972.8470
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12151.171
12717.8L4
12905.020
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12999.832
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12869.963
13634.571
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The Research Division of the School of Engineering and Science is
an integral part of the educational program of the School. The faculty of
the School takes part in the work of the Research Division, often serving
as coordinators or project directors or as technical specialists on the projects.
This research activity enriches the educational experience of their students
since it enables the faculty to be practicing scientists and engineers, in
close touch with developments and current problems in their field of speciali-
zation. At the same time, this arrangement makes available to industrial and
governmental sponsors the wealth of experience and special training represented
by the faculty of a major engineering school. The staff of the Division is drawn
from many areas of engineering and research. It inciudes men formerly with
the research divisions of industry, governmental and public agencies, and
independent research organizations.

Following are the areas represented in the research program: Aero-
nautical Engineering, Chemical Engineering, Civil Engineering, Electrical
Engineering, Engineering Mechanics, Industrial and Management Engineering,
Mechanical Engineering, Metallurgical Engineering, Mathematics, Meteoro-
logy and Oceanography, and Physics. In addition, an interdisciplinary research
group is responsible for studies which embrace several disciplines. Inquiries
regarding specific areas of research may be addressed to the Director, Research
Division, for forwarding to the appropriate research group.
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